DECEPTIVE CONVERGENCE OF
FOURIER SERIES ON SU(2)

BY
R. A. MAYER

1. Introduction and summary. In this paper G will always denote a compact
group that has a faithful finite-dimensional unitary representation. The Haar
measure on G will be denoted by p, and we normalize p so that u(G)=1. By a
representation of G we will mean a finite-dimensional unitary representation of G.
Let U be a faithful representation of G and let ¥=U @ U be the direct sum of U
and its complex conjugate representation. Let T,(U) be the space of constant
functions on G, let T,(U) be the linear space spanned by T,(U) and the coordinate
functions of V, and for each integer n2>1 let T,(U) be the space spanned by all
functions fif- - -f, where f; € T,(U) for 1 <i<n. We will call T,(U) the space of
U-trigonometric polynomials of degree <n. For each nonnegative integer n let U, be
the orthogonal projection of L%(G) onto T,(U). There is a natural way to extend U,
to a projection from L!(G) onto T,(U) (see (2.1)) and we will denote this extension by
U,. If f'is a function in L(G) we will call the sequence {U,f} the U-Fourier series
for f, and we will call U,f the nth partial sum of the U-Fourier series for f. If
fe LX(G, p), then U, f— fin L*G, p) as n — oo. If x € G then the U-Fourier series
for f at x is defined to be the sequence {U, f(x)}.

If G=T is the group of complex numbers of absolute value 1, and U is the
1-dimensional representation of T on C defined by

(L.D) U(et)z = ez foralle®eT,zeC

then the U-trigonometric polynomials of degree <n are ordinary trigonometric
polynomials of degree <n, and for any fe L}(T), U,f is the nth partial sum of the
ordinary Fourier series for f.

Let {a,}, {b,} be two sequences of complex numbers. We say that {a,} and {b,} co-
converge if they either both converge to the same limit or both diverge. Let U and
W be two faithful representations of the compact group G. We will say that U and
W are series equivalent if for every f in L'(G) and every x in G the sequences
{U.f(x)} and {W,f(x)} co-converge. Series equivalence is clearly an equivalence
relation on the set of faithful representations of G. It is easy to show that any two
faithful representations of T are series equivalent (see 2.2). For the group SU(2)
of 2x2 unitary matrices with determinant 1 the situation is more complicated.
SU(2) has exactly one irreducible representation R™ of dimension n for each
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positive integer n (see [8, p. 137]). It follows from (3.19) and (7.18) that the repre-
sentations R* @ R?*! where 1 £¢<p and p=¢ mod 2 form a complete set of equi-
valence class representatives for the relation of series equivalence on the faithful
representations of SU(2). If U is a faithful representation of SU(2) which is series
equivalent to R?@ R”*! we will say that U is of type (g, p).

Let U be a faithful representation of G, let x € G and let f be a function in L}(G)
which is continuous at x. If the U-Fourier series for f at x converges to a value
different from f(x) we will say that the U-Fourier series for f converges deceptively
at x. It is well known that the ordinary Fourier series of a function in L(T) cannot
converge deceptively [10, p. 89] and it follows from [5, p. 683] that the R2-Fourier
series of a function in L}(SU(2)) cannot converge deceptively. Let S be a subset of
L*(G). If no function fin S has a point of continuity at which the U-Fourier series
for f converges deceptively, we will say that U-Fourier series are honest for functions
in S.

In this paper we will prove the following results. Let .S be the set of all functions
in L*(SU(2)) which are continuous except on a set of Hausdorff dimension <2,
and let T be the set consisting of those functions in S whose set of discontinuities
has Hausdorff dimension <2. Let U be a faithful representation of SU(2). Then
U-Fourier series are honest for functions in T; U-Fourier series are honest for
functions in S if and only if U is of type (1, 1), (2, 2) or (3, 3); U-Fourier series are
honest for functions in L*(SU(2)) if and only if U is of type (1, 1), (2, 2) or (3, 3);
and U-Fourier series are honest for functions in L'(SU(2)) if and only if U is of
type (1, 1). With each faithful representation U of SU(2) we can associate a set Dy
(the deception set of U) with the following two properties.

I. If x e SU(2) and y is any element of xD different from x, then there exists a
function fin L*(SU(2)) such that f'is analytic except at y and the U-Fourier series
for f converges deceptively at x.

II. If x € SU(2) and f'is any function in L*(SU(2)) which is continuous on x Dy
then the U-Fourier series for f does not converge deceptively at x.

In (7.1) we give a very explicit description of Dy which shows that if U is of type
(¢, p) with p odd, then Dy consists of all elements of SU(2) whose eigenvalues are
pth roots of unity. The main tool for proving the above results is the technical
Theorem 5.63 which gives an explicit formula for the error f(x)—lim, . U,f(x),
valid for a fairly large class of functions. Let U be any faithful representation of
SU(2), and let f be a function in L%(SU(2)). Then the set of points where the U-
Fourier series for f converges deceptively has measure zero. It would be desirable
to prove this result for arbitrary functions in L(SU(2)), but I have been unable to
do this.

2. Series equivalence of the representations of T. Let U be a faithful representa-
tion of the compact group G. Since T,(U) is the space spanned by the coordinate
functions of a representation of G, T,(U) is clearly left and right translation in-
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variant, and hence T,(U) is a left and right translation invariant subspace of L% G)
for all n. Also T,(U) is closed (in fact finite dimensional) in L%(G), so T,(U) is a
two-sided ideal in L%(G) by [4, §31F and 39E]. By the structure theory for such
ideals [4, §39] we know that T,(U) contains a unique central idempotent DY with
the property that f— f* DY is the projection of L%(G) onto T,(U), i.e.

2.1) U.f =f* DY for all fe L¥G).

(The * here denotes convolution.) We will call the sequence {D{} (n=0,1,2,...)
the Dirichlet kernel for U. The right-hand side of (2.1) makes sense for any f in
LY(G) and we use (2.1) to define U, f for any fin LY(G).

PROPOSITION 2.2. Any two faithful representations of T are series equivalent.

Proof. Let W be any faithful representation of T, and let U be the representation
defined in (1.1). Note that for each nonnegative integer n, T,(U) is the linear space
spanned by {e** : —n<k=n}. If fis a function in L(T) whose (ordinary) Fourier
series is f~ > c;e* then the U-Fourier series for fis {3%_ _, c,e™}, and the W-
Fourier series for fis {Jyeam cre'™} where A(n)={k € Z : e € T,(W)}. We will
show that W and U are series equivalent.

Let x be the character of W. We can write x(e")=> a,e'™ where the a, are non-
negative integers and all but a finite number of the a,’s are zero. Let N be the largest
integer such that ay +a_,>0. For any positive integer k we have

(2.3 T, (W) < Tn(U).

Since W is a faithful representation of T it follows from [2, pp. 189-190] that the
algebra generated by {e'™ : a,>0} U {e~*™ : a,>0} is the algebra of all trigono-
metric polynomials, and hence there exists an integer p such that Ty(U) < T,(W).
Since

eMTon(U) + e MToy(U) = T 1n(U)

we can show by induction that

(2.4) Tyq+1(U) € T4 (W), q20.
Combining (2.3) and (2.4) we obtain
(2.5) Tye-rvw-1(U) € T(W) € Tyi(U), kzp.

Let B(k)={n € Z : e‘m € TNk(U), e"“ ¢ Tk(W)}. Then UNkf— ka= zneB(k) C,,e‘"‘ and
it follows from (2.5) that

|Unief— Wiflw < 2N(p—1) Sup{|¢,| : |j| Z N(k—p+1)}

whenever k2= p. Thus by the Riemann-Lebesgue lemma we see that Uy, f— W, f
converges uniformly to 0 on T as k — oo, and for any e'* € T we see that {Uy, f(e'*)}
and {W,f(e*)} co-converge. Also the Riemann-Lebesgue lemma shows that
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{Unef(e*)} and {U,f(e*)} co-converge, and it follows that {W,f(e’*)} and
{U,.f(é"*)} co-converge. Thus U and W are series equivalent.

3. Formulas for the Dirichlet kernels. Let G be a compact group and let
{xa} (a € A) be the set of all irreducible characters of G. If ¢ is any character of G and
a e A, we will say that y, is contained in ¢ if (x,, $)>0. Here (x,, ¢) denotes the
inner product of x, and ¢. Let ¢,  be two characters of G. We will write ¢> if
every irreducible character contained in ¢ is also contained in ¢, and we will write
Y~¢ if >4 and y>¢. Thus ¢~ if and only if the representations corresponding
to ¢ and ¢ are quasi equivalent in the sense of [7, p. 631]. We will use the facts that

&R)) ¢<¢p=>¢+~4,
(3.2 ¢ <¢and ¢; < ¢ => ¢y < ihy,

and similar obvious properties of the relations < and ~ without specifically
mentioning them. Let E(yx,) be the two-sided ideal in L%(G) generated by x,. Then
{E(x,) : a € A} is the set of all minimal two-sided ideals in L?(G), and the generating
idempotent for E(x,) is d,x, where d,=y.(e). Let U be a faithful representation of
G. Then since T,(U) is a closed ideal in L%(G) we have by [4, §39] that

T(U) = 2 E(ta)  (Xa€Tu(V))
and hence the Dirichlet kernel {D?} for U is given by
(3.3) DY =>dxa (xa€TWU)).

Let yy be the character of U. Then it follows from [5, p. 684] that x, € T,(U) if and
only if (1 +xu+¥xuv)™ xa)>0, and hence (3.3) becomes

(X DY =D dixes  Xa < (l+x0+X0)"
Let 6 be the function on SU(2) defined by
(3.5) 0(g) = arc cos (3 Trace (g)), geSUQ)

so that the eigenvalues of an element g of SU(2) are exp (4 i6(g)). For each positive
integer n, SU(2) has exactly one irreducible representation R" of dimension », and
the character y,, of R" is

(3.6) X» = sin nf/sin 0

(see [8, p. 151]). Since xaq(x)=2n only if 8(x)=1, or equivalently only if x=e, the
characters y,, are all faithful (we call a character faithful if it is the character of a
faithful representation). Note that s, ; 1(€) =xzn+1(—€) SO X2n+1 is never faithful.
Let U be a faithful representation of SU(2) with character xy =2 n,(U)yx,. Then
xv(—e)=2 kn(U)(—1)***. Since U is faithful yy(—e)#xuv(€)=2 km(U), and
hence yy contains some irreducible character of even dimension. Let p be the
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greatest integer such that n, . ,(U) >0 (so p=1) and let g be the greatest integer such
that g=p mod 2 and n,(U) >0 (if no such g exists then p is odd, and in this case we
take g=1). We will say that U is of type (q, p). If q, p are any integers such that
1=q=<p and g=p mod 2 then R*@ R**! is of type (g, p). We will show in (7.18)
that this definition of type agrees with the definition given in the introduction.

THEOREM 3.7. Let U be a faithful representation of SU(2) of type (q, p), and let
{D7} be the Dirichlet kernel for U. Then for every n23

p+1
(3-8) D,‘,’ = (_1)p+m+1D(n—1)p+ma
m=q+1
where
b
(3.9) Dy = kx
k=1

Proof. By the Clebsch-Gordan formula [8, p. 163] we know

(3.10) XXs = 2 Xrsss1-2; i rSs.
=1

We define S(n) and S*(n) by the formulas

SW=2x ((sjsn
S*m)=>x (1 <jsnj=nmod2).
It then follows from (3.10) that
xrS(m) ~ S(n+r—1) (rsn

(3.11)

(.12)
Xr'S*(n) ~ S*(n+r-—1) (r < n+l)

and that

(3 13) Xr'S(n) < Xs~S(n) (r <s< n)

Xr-S*(n) < xs-S*(n) (r<s=<n+l,r=smod2).

LemMMA 3.14. Let U be a faithful representation of SU(2) of type (q, p) and if
q=1 assume that x, is contained in yy. Then for every n=3

(3.15) (o)* ~ S(n—1)p+q)+S*(mp+1)
where S(n) and S*(n) are as defined in (3.11).

Proof. Using the Clebsch-Gordan formula (3.10) we get that (xy)®>(xp+1)®
~S*(3p+1) and (xv)*>x3 +1xe~ S*(2p+¢) and hence

(3.16) xv)® > S*Gp+1)+S*Q2p+q) ~ S*Bp+1)+ S2p+9),

since p and ¢ have the same parity. Let us say that x, is larger than y; if and only if
r>s. The largest irreducible character in (x)® is the largest character in (xp+1)®
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which is xgp +1. The largest character in (xy)® whose dimension has parity different
from 3p+1 is the largest character in x2 , ;x, Which is x3,+ 4. Thus (xy)®<S*(3p+1)
+S(2p+4q). This fact combined with (3.16) proves the lemma for the case n=3.
Suppose now that we know that (3.15) holds for a given n=3. Then by (3.12),
(3.13), (3.1) and (3.2) we have

(w)*** ~ xu(S((r—Dp+9)+S*(np+1))
~ Ot Xp+ )(S(n—Dp+9)+S*(p+1))
~ S(mp+q)+S*(np+q)+S*((n+1)p+1).
Since S*(np+q)<S(np+q), (3.15) also holds for (n+1), and the lemma is

proved.
It follows from Lemma 3.14 that for n=3

(+x0)* ~ 2, (xwy ~ S((n—Dp+q)+S*(mp+1)
(3‘17) =0 »-9I2
~ S((n—-Dp+g+1)+ X(n—1)p+q+1+2m-

m=1

It is easy to see that (3.17) holds even if g=1 and y, is not contained yy, since
x1=1. We have D,— D, _, =jx, from the definition (3.9). Since xy is a real character
it follows from (3.4) that

DY =3 kxio  xe < (1+x0)%

and using this with (3.17) we get

(r-q)/2
U — .
Dn = D(n-l)p+q+1+ (D(n—l)p+q+1+2m_D(n-l)p+q+2m)
m=1
(3.18) et
= Z (=)™ ** D _1yp+m
m=q+1

for n= 3. This completes the proof of Theorem 3.7.

COROLLARY 3.19. If U is a faithful representation of SU(2) of type (q, p) then U is
series equivalent to R® @ R+,

COROLLARY 3.20. If U is a faithful representation of SU(2) of type (g, p) then
| DY || < 2n°p® for n23.

Proof.

IDY]lw = Di(€) £ Dapa(e)

np+1
= > j2<2n%® fornz3.
=1
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4. Some technical lemmas. In this section all functions denoted by capital
Latin letters will be complex valued measurable functions of period 2= defined on
R. If Fis a function we will write

l n
@1 IFl = 5 | 1F@)]at
whenever the integral on the right exists, and L! will denote the space of functions
F for which ||F|, is finite. If F, G are functions we will write

“2) (F, G) = zl J' " FOG(@) dt

T J-=
whenever the integral on the right exists. If F has a right-hand (left-hand) limit at
a point #, we will denote this limit by F,(z,) (F_(2)).

This section contains a number of technical lemmas that will be used later in the
paper. Since most of the lemmas are not interesting in themselves, I would suggest
that the reader go to §5 at this point, and refer back to the material in this section
as it is used.

For 0 <r<1 define

4.3) At) = (1—r®)(1—2rcos t+r?)~* = 142 > r*cos kt,

k=1

(4.4) B(t) = —rlsint4;t) = 1+ z«» ((k+ Dre—(k—1)rk=2) cos kt.

A, and B, are positive even functions, |4,|,=|B,|,=1 and for any >0, 4, and
B, both converge uniformly to 0 on [8, 27 — 8] as r — 1 (see [10, pp. 96, 97 and 100]).
Hence it follows from [10, p. 86] that if F is any function in L! such that F, (0) and
F_(0) both exist, we have

4.5) lin} (F, 4) = lin} (F, B,) = ¥(F.(0)+F_(0)).
Define

Cit) = (4()—r?B,())(1 +r)~*
(4.6)

0

=(1 —r)[l + Z (k+ Dr* cos kt].
k=1
LeMMA 4.7. Let F be a function in L* such that F is bounded on a neighborhood of
0 and such that the limit lim, ,, (F, C,)=L exists. Then L=0.

Proof. Since (F, C,)=0 for any odd function F, we may assume without loss of
generality that F is even. Suppose L#0. Then we may assume without loss of
generality that F is real valued, and L>0. Choose & such that 0< & <= and such
that F is bounded on [— 3§, 5]. Let g be the characteristic function of [—8, 8], and
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let G be the periodic function of period 2= that agrees with Fg on [—m, 7). Then G
is bounded, and

- 2(G—
(G-F,4) . rG—F,B)

@8 GO =GO T T T T

Since G—F vanishes on [— 8, 3] it follows from (4.5) that the last two limits in
(4.8) are both zero, and hence

4.9 lim (G, C,) = L.
r—1
Write G~ao+ >, a; cos kt, and define a function A on the interval [0, 1) by
hr)= D ar**=rG,4), 0sr<l.
k=0

Since [h(r)| £ |G| »|4-]1=]G |~ for 0=r<1, we see that h is bounded on [0, 1).
Now

(6. C) = 41-navt 3. (k+Dar*) = 30 —rNau+HE)
k=0

and hence by (4.9) we have
(4.10) L = 3 1lim (1-r)b'(r).
r—1
It follows from (4.10) that there exists a number >0 such that A'(r)>L(1—r)?
for r=1—e¢, and hence A is increasing on the interval (1 —¢, 1). By the mean value

theorem we know that for any integer k=0 there is a number ¢, in the interval
[1—2-%, 1—2-%"1¢] such that

B(1—2"%=1e)—h(1—2"*e) = 275~ 1eh'(t;)
> 2% te[(1—1)"* 2 L.

Thus
h(1—2"‘"1e)—h(l—e) = Ek: (1 —-2"7")—h(1—-27%)) = Hk+1)L.
i=0

Since L#0 this contradicts the boundedness of 4, and the lemma follows.

LemMA 4.11. Let {F;} (0<r<1) be a family of functions such that F, — 0 uniformly
on [8, 27— 8) for every 8 >0, and such that the set {||F, sin t | , : 0 <r <1} is bounded.
Let G € L, and suppose that there is a neighborhood N of 0 such that on N we can
write G=FH where F € L*, H is analytic on N and H(0)=0. Then lim, ., (G, F,)=0.

Proof. Our hypotheses imply that we can write G=(1 —e*)K where K € L. Hence

4.12) (G, F) = ziﬂ f :' K(t)(1 - eHF(1) dr.
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It follows from our hypotheses that there exists a constant M and an ¢ >0 such that
(1—€e*)F,(t)< M for all ¢, and all r>1—e. Thus

|K(t)(1 —eM)F(t)| £ MK(r)

for all ¢ and all r> 1 —e. The lemma now follows from the dominated convergence
theorem.

LeMMA 4.13. Let A,, C, be as defined in (4.3), (4.6) and define

D(t) = —(1—rcos t)A4,(t)/(1+r)

.14 = 2r(1—r)sin t(1—rcos t)(1 —2r cos t+r2)~2,

Let G be a function in L*, and suppose that there is a neighborhood N of 0 such that on
N we can write G=FH where F € L*, H is analytic on N, and H(0)=0. Then

lim (G, 4,) = lim (G, C,) = lim (G, D,) = 0.
r—1 r—1 r-1

Proof. Let
(4.15) G,(t) = (1—r)sint(1—2rcos t+r2)~1.
Then we can easily verify that
(4.16) A,sint = G, [l+r],
. [(1—=rcost)>—r?sin? t]
(4.17) Crsint = G'[(l —rcosf)2+risin?t]’

(4.18) D, sint = Gr[( 2(1—rcos t)rsint ]

1—rcost)2+r2sin? ¢

The expressions in square brackets on the right-hand sides of (4.16), (4.17) and

(4.18) are all bounded by 2 in absolute value, so
(4.19) |4, sint|o = 2||G|w, |Crsint|o £ 2|Gyllw, | Dysint|s £ 2|Gyl o

In [10, p. 96] it is shown that there exists a constant k such that 4,(¢) < k8/(8%2+1¢2)
where 8=1—r and |¢t| <#. Thus

[G(?)] = (1+r)~Ysin t4,(t)] £ |tA,(t)| £ k8t/(82+12) £ k
for |¢t| <m. Lemma 4.14 thus follows from (4.19) and Lemma 4.11.

LEMMA 4.20. Let F be a function in L* such that F.(0) and F_(0) both exist, and
let D, be defined by (4.14). Then

lim f " F()D(t) dt = F.(0),
r—=1 Jo

0
lim f F(t)D,(t) dt = —F_(0),
and hence

lim (F, D) = 5 (F, ()~ F_(0)
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Proof. D, is an odd function that is positive on the interval (0, =), and D, con-
verges uniformly to zero on [8, 27 — 8] for any 8 >0. A straightforward calculation
shows that

4 _2r L+r
fo Dr)dt = 2-+(1-r) log (ﬁ)

and hence lim, ,, j‘ﬁ D(t) dt=1. The lemma follows from these facts by a stand-
ard kind of argument.

LeMMA 4.21. Let F be a function which is continuous at 0, and such that F sin® t is
in L*. Then lim,_,, (Fsin t, D,)=0, where D, is defined by (4.14).

Proof. Since Fsin? ¢ is in L' the inner product (F'sin ¢, D,) exists for 0<r<1.
Let H be the periodic function of period 2= that agrees with the characteristic
function of [—#/2, #/2] on [—m, ). Our hypothesis implies that FH sin ¢ is in L!
and FH sin t is continuous at 0, and hence by Lemma 4.20
4.22) lim (FH sin t, D,) = 0.

r—1

Now
(1—-H)Fsint, D,) = 2((1— H)Fsin? t, r(1—r)(1—r cos t)(1—2r cos t+r2)~2).

Since (1 —H)Fsin? t is in L', and r(1 —r)(1 —r cos t)(1 —2r cos t+r?)~2 converges
uniformly to zero on the set where 1 — H#0, it follows that lim, ,, (1 — H)F'sin ¢,D,)
=0. This fact together with (4.22) proves the lemma.

If Fis a function and p is a positive integer, define a function F'*! by

(4.23) F®Y(t) = F(pt).

Then it is easy to verify that

(4.24) (G, F¥) = _2_1_ f TS G+ 2m)pF@) dr
TP J - 450y

where

(4.25) J(p)={neZ: —[1pl = n = BFp-DI

Here [4p] is the greatest integer <}p.

LEMMA 4.26. Let p be a positive integer and let G be an L* function such that for
every j € J(p) either G is bounded near 2mj|p, or else there exists a neighborhood N
of 2wj|p such that G= F;H, on N; where F; € L*, H; is analytic on N;, and H{2nj[p)=0.
Suppose that the limit lim,_,, (G, C'*")=L exists, where C, is defined in (4.6). Then
L=0.

Proof. Write J(p) as a disjoint union J(p)=1U K where for each jel, G is
bounded near 27j/p, and for each je K, G has a factorization G=F;H; as in the
statement of the lemma. Let

(4.27) g(t) = 2. G((t+2m)lp), k() = 2 G((t+2m))/p).

jel jeK
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Then g is bounded near 0, and there is a neighborhood N of 0 such that k=fhon N
where fe L', h is analytic on N and A(0)=0. It follows from (4.24) that

@) G =em ([ socwas | kocwa)
By lemma 4.13 the second integral in (4.28) goes to zero as r — 1, and hence
L = lim (G, C¥) = (2mp)-* lim f " gnC) .
r1 r=1J-g

It follows from Lemma 4.7 that L=0.

LeEMMA 4.29. Let p be a positive integer, and let J(p) be written as a disjoint union
J(p)=1V K. Let G be a function in L* such that G has left- and right-hand limits at
2njlp for each j € I, and for each j € K there exists a neighborhood N, of 2mj/p such
that G=F;H; on N; where F; € L', H; is analytic on N; and H/(2nj/p)=0. Then if D,
is defined by (4.14) we have

lim (G, DY) = Q2mp)™* ; (G +(2mjlp)— G _(2mjlp)).

Proof. Define functions g(¢) and k(¢) by (4.27). Then
(4.30) £:0) = > G.Qmjlp), £-(0) = > G_(2mjlp),

Jel jel

and k has a factorization k =fh as in the previous lemma. By (4.24) we have

431) (G, DY) = (21rp)'1( j :' g(t)D,(t) dt + f _ k(£)DA?) dt)-

By Lemma 4.13 the second integral in (4.31) goes to zero as r — 1, and by Lemma
4.20

£
tim @p) [ gO)D1) dt = @mp)~ g, (0)~5-O)
This result combined with (4.30) and (4.31) proves the lemma.

5. A formula for lim U, f(x). It ¢ is any real number let x(¢) be the element of
SU(2) defined by

5.1) x(t) = diag (e*, e~ *).
If fis any class function on SU(2) let [f] be the function on R defined by
(52 V1@ = f(x@), teR

Then [f] is an even periodic function of period 27, and if F is any even periodic
function of period 2= we can write F=[f] for some class function f on SU(2). If
f g are functions on SU(2) we will write

3) (9" = fmf(x)g(x) du(x)
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whenever the integral in (5.3) exists. If fis a class function on SU(2) then if follows
from [8, pp. 163, 386-389] that [f] sin? ¢ € L[—, w], and

(5.4) f ) du(x) = 2 f " LA sin? ¢ d.
SU@) m™Jo

Hence if f and g are class functions on SU(2) we have

(5:5) (s, 8* = 2([f], [g] sin® 7).
Let Q be the projection onto the space of class functions on SU(2),

(56) 0f0) = [ flyx™) dut).

If fe LP(SU(2)) and g € LY(SU(2)) where p~*+g~*=1 then (f, g9)*=(0f, )*. If
g is a class function then

(V) (. 9* =, Q9)* = (2f. &* = 2[Qf], [¢] sin* 7).

LeEMMA 5.8. Let U be a faithful representation of SU(2) of type (q, p), and let f be
a function in L*(SU(2)) such that the U-Fourier series for f at e converges to the
value L. Then

p+1
L = lim Z (_1)m+p+1(f; (l_r)Zmpr)*a

r—1 m=q+1

where
(5.9 Zyyr = Z I"Dyp 4 m.
n=0
Here D; is defined by (3.9).
Proof.
(5.10) L = lim U, f(e) = lim f* DY(e) = lim (f, DY)*.
n—>00 n-—+ o n-—o

Since the Abel method of finding the limit of a sequence of numbers is regular we
have

(5.11) L=1lm(1-r) > r(f, DY, ))* = lim (f; Y)*%,
r=1 n=0 -1
where
(5.12) Y, =(1-r) D r"DY,..
n=0

For each r with 0 <r <1 the sum in (5.12) converges absolutely by Corollary 3.20.
By formula (3.8) we have

(5.13) Y= (=r) > (=1 tiZ, +e(r)

m=q+1



1969] DECEPTIVE CONVERGENCE OF FOURIER SERIES ON SU(2) 157

where Z,,,, is defined by (5.9), and «(r) is an error term which arises from the fact
that (3.8) may not be valid for n < 3. Since ||e(r)||. — 0 as r — 1 we have lim,,, (f,
&(r))*=0, and hence the proposition follows from (5.11) and (5.13).

PROPOSITION 5.14. Let h be a function in L*(SU(2)) that is continuous at e. Let
Z oy be defined by (5.9), and let C,, D, be defined by (4.6) and (4.14). If p is odd, then

(h, (1 =r)Znpr)* = 2p(IQh), cos 3t sin (m+3)tD”)

G.15) —2p([Qh], cos 3t cos (m+HICP)+h(e) + E(r),

where lim,_; E(r)=0. If p is even then (5.15) holds if we make the additional as-
sumption that [Qh] sin t € L*[— =, =].

Proof. Since h € LY(SU(2)) it follows that Qh € LY(SU(2)) and hence [QAh] sin? ¢
€ L*[—m, =]. Thus, since [QA] is continuous at 0, we have [Qh]G € L![—=, =] for
any analytic function G of period 27 such that G(z)=G’(7)=0. Since cos 7/2=
cos (m+4)m= DP(w)=0, the two inner products indicated on the right-hand side
of (5.15) exist. It follows from the definition (3.9) of D, that

0 m © 0 m+pn
Zuw =P D kxt D> 2 >y
i=0 k=1 n=1

k=n j=m+1l+(n-1)p

In this formula write x, =sin k6/sin 6 and we get

m 00 m+pn
(1—r)sin 6Z,,, = Im (Z ke'*o+ z re z je”")
k=1

n=1 j=(m+1)+(n-1)p

d (1—r)eim+1e &'t
- 'R(Re ((e“’— D(A—re™) ' 1 —ew))’

Since (d/d0)(Re (e'/(1 —e*)) =0, this becomes

(5.16) sin 0Z,,,, =

B i 1 o emo(1 + e“’)] ‘
do [2 sin 6 (1 —re'®®)

Now define functions H,,,, on SU(2) by

ém(l+e?) 1
(1 — reipe) = 1—r2 Ar(po)Hmpn

(5.17) Im

where 4, is defined in (4.3). Then it follows from (5.16) that

(5.18) —2(1—r?)sin? 6Z,,,, = pHy, A (p0)+ A,(ph) sin 0 (d/d) (csc 0H,,,,).
Using the definition (5.17) we can verify that

(5.19)  Hpy, = 2 cos 30[r sin pb cos (m+4)0+ (1 —r cos pb) sin (m+4)4].

By (5.19), (4.4) and (4.14) we have

(5.20) H,,,A;(p6) = —2 cos 40[r2 cos (m+%)0B,(p)+ (1 +r) sin (m+41)0D,(pb)].



158 R. A. MAYER [October

By applying a few trigonometric identities to (5.19) we obtain

pbcosi(p—1 —2m)0__(1
2 sin 40

—r) sin (p—m—1%)0 ,

(521)  Hy, = sin 0[2 sin T

and hence
(5.22) sin 6 (d/d6) (csc O0H ,,,) = 2(1—r)M,,+2pN,,,+2 sin 3pOR,,,,
where

(5.23) M,, = —3%sin 0 (d/df) (sin (p—m—1$)0 csc 30),
(5.249) Npp, = cos 36 cos 3p0 cos 4(p—1—2m)6,
(5.25) R, = sin 0 (d/df) (cos 3(p—1—2m)8 csc 46).
From (5.18), (5.20), (5.22) and (4.6) we get

(5.26) (1-nz,, = 25: csc? OF ps,

where -

(5.27) Frmpl = (r— l)(r+ 1)_1MmpAr(P0)’

(5.28) Fopps = —(r+1)~1sin 1 pbR,,,A,(p0),

(5.29) Frpps = —p(r+1)"}(Nyp—cos 40 cos (m+4)0)A,(pb),
(5.30) F,ppa = p cos 30 sin (m+3)0D,(ph),

(5.31) F,pnps = —p cos 30 cos (m+4)0C,(p0).

LEMMA 5.32. For any function h in L\(SU(2)),
31_{111 (h, csc? OF,,,,))* = 0.
Proof. By (5.7) we have
(5.33) (h, csc? OF,,p0)* = 2(r—1)(r+ 1)~ Y([Qhl[M n,], AY).
We know that [Qh] sin® t € L[—=, =], and since [M,,,](0)=[Mpn,]' (0)=[M ., )(=)
=[M,,) (w)=0 it follows that [Qh][M,,,] € L'[—=, =]. By (4.24) and (4.25) we have
(539 ([QRl M), 4P = (M*, 4))

where M* is the even periodic function of period 2= defined by
M*(@t) =p! ) ,Z, [RI((2+27)) p)[Mmp)(2 + 27)) p)-
€J(p. .

Let M*~a,+ 32, a, cos nt be the Fourier series for M*. Then by (4.3) we have
(M*, A)=2>%_, a,r*. The Riemann-Lebesgue lemma tells us that lim,_, , a,=0
and hence

(5.35) lim (1—-r)(M*, 4,) = lim (1—r) D> a,r" = lim a, = 0.
r—1 r-1 n=0 n-+ o
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The lemma follows from (5.33), (5.34) and (5.35).

LEMMA 5.36. Let h be a function in L'(SU(2)) which is continuous at the identity,
and let F,,,, be defined by (5.28). Then for any odd p,

(5.37) lim (h, csc? OF,,,2)* = h(e).

r—1

If p is even then (5.37) holds if we make the additional assumption that [Qh] sin t
€ LM —m, ).

Proof. By (5.7) we have
(5.38) (h, cs¢? OFny2)* = —2(sin 4 pt[Ry,][QR], AF)(r+1)~"

We know that [Qh]sin? ¢t € L*[—m, 7], and since [Qh] is continuous at 0 and
sin 4 pf[R,,,] is an everywhere analytic function that vanishes at = together with its
derivative, it follows that sin 4 pt[R,,,][Qh] € L'[—=, ). By (4.24) and (4.25)

(539) Gindpt{RIIQAL AP) = p~* 5 (=1 5 [ sin dfomOA40)

jel(p)

where

Jomi(t) = [QR)(2+27))/p)[ Ry )((t +2m)) p).
Let
(5.40) 10.d.p.m) = 57 [ sindtfm)4,0) .

If the interval [(2j— 1)m/p, (2j+ 1)m/p] does not contain 0 or + = then f,n; € L[ —7, 7]
and hence by Lemma 4.13

G4 Gmiejpm =0,  jedp) j#0,~4p, £3(p-D).
Now
54D 16,0pm) =5 [ sinHIOREARuIIA) db,

and since sin 3¢[Qh](¢/p)[ Rn,)(¢/p) is continuous at 0 if we define its value at 0 to
be —p[Qh](0)= — ph(e), it follows from (5.42) and (4.5) that

(5.43) lim I(r, 0, p, m) = — ph(e).
r—+1

Now suppose p is odd. Then +3(p—1)eJ(p) but —4p¢J(p). Since sin 3tfpn;
€ LY[—m, =] for all j, and
Jom, xw-112 = [QRN( £ 7(p— 1))/P)[Rn,)((t £ 7(p—1))/p)

is locally in L! near ¢t=0, it follows from Lemma 4.13 that

(5.44) lim I(r, +3(p—1), p,m) = 0.
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Equation (5.37) for odd p follows from (5.38)-(5.41) and (5.43) and (5.44). Now
suppose p is even, so that —4p e J(p) but +4(p—1) ¢ J(p). Then

16, ~3p,p.m) = 5 [ sin QN 5= ) Ruy) =7 ) 4,0 .

The assumption that [Qh] sin ¢ € L'[ —m, =] implies that [QA](¢t/p — m)[Rp,(2/p — )]
€ L'[—m, =], and hence it follows from Lemma 4.13 that lim, ., I(r, —4p, p, m)=0.
This result combined with (5.38)-(5.41) and (5.43) proves (5.37) for even p.

LEMMA 5.45. Let h be a function in L*(SU(2)) which is continuous at the identity,
and let F,,,3 be defined by (5.29). Then for any odd p, lim, ., (h, csc? OF,,,3)*=0. If p
is even the same result holds if we make the additional assumption that [Qh] sin ¢
€ LM —=, @]

Proof. The proof is almost identical with the proof of the previous lemma, so we
omit it.

Completion of the proof of Proposition 5.14. 1t follows from formula (5.7) and
equations (5.30), (5.31) that
(5.46) (h, csc? OF,np0)* = 2p([Qh] cos 1t sin (m+1)t, DY)
(547 (h, csc? OF,,p5)* = —2p([Qh] cos 4t cos (m+3)t, CIPY),

The inner products indicated in (5.46) exist for any A in L}(SU(2)) because
D!P(0) = DY) =sin (m+4)(0)=cos #/2=0, and the inner products indicated in
(5.47) exist for any he L*(SU(2)) which is continuous at 0 because cos 7/2 =
cos (m+4)m=0. Let h be a function in L*(SU(2)) that is continuous at e. Then by
(5.26)

5
(h’ (1 _r)Zmpr)* = z (h, csc? oFrmpj)*'
j=1

Proposition 5.14 follows from this formula and Lemmas 5.32, 5.36, 5.45 and
equations (5.46) and (5.47).

LeEMMA 5.48. Let U be a faithful representation of SU(2) of type (q, p), and let f be
a function in L*(SU(2)) such that f is continuous at e, and the U-Fourier series for f
at e converges to the value L. If p is odd then

L = 2p lim [(sin §(p+q+3)t cos }(p—q+ 1)1[0f], DI”))

—(cos H(p+q+3)t cos 3(p—q+ DI Qf], CP)]1+f(e).

If p is even then (5.49) holds if we make the additional assumption that [Qf] sin t is
in L*[—m, 7).

(5.49)
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Proof. The result follows from Lemma 5.8, Proposition 5.14 and the trigonometric
identities

+

3
-

cos 3¢ (=Dm*P*lgin (m+3)t = sin ¥ (p+q+3)tcosi(p—q+1)t;
(5.50) e
cos 3t Z (—Dm*r+lcos(m+3)t = cosd(p+q+3)tcosi(p—q+1)t

LEMMA 5.51. Let F be an even analytic function of period 2w such that F(w)= F'(w)
=0, let f be a function in L(SU(2)) that is continuous at the identity, and let p be an
integer. Suppose that for each integer j satisfying 1 <j<[3(p—1)] either [Qf] is
bounded near (2=j/p) or F(2=j/p)=0. Suppose also that lim, _,, (F[Qf], C") exists. If
p is odd then

(5.52) lim (F[Qf], €)= 0.

If p is even then (5.52) holds if we make the additional assumption that [Qf] sin t is in
LY—m, =]

Proof. The assumptions that F(7)=F'(m)=0 and that f is continuous at e
imply that F[Qf] is in L[ —m, =). Let J(p)={j€ Z : |j| < [4(p—1)}}. Since F[Qf]
is an even function of period 2=, and [Qf] is locally in L! at each point of the open
interval (—, ), our assumptions imply that for each integer j in J(p) either F[Qf]
is bounded near 2mj/p or else there exists a neighborhood N; of 2mj/p such that
[Qf1isin L! on N; and F(2j/p)=0. If p is odd then J(p) =J(p) where J(p) is defined
in (4.25), and hence (5.52) holds for odd p by Lemma 4.26. If p is even then J(p)
=J(p) U {—[p]. If we assume that [Qf]sin ¢ is in L'[—=, =] then since F(mr)
=F'(m)=0 it follows that F[Qf] can be written as the product of a function which
is analytic at —==2n(—[4p]/p) and vanishes at —m, and a function in L[—, ].
Hence in this case (5.52) again follows from Lemma 4.26.

LEMMA 5.53. Let F and H be respectively even and odd analytic functions of period
2w, and suppose that F(w)=F'(z)=0. Let f be a function in L*(SU(2)) that is con-
tinuous at the identity, let p be an integer and let J*(p)={ne Z : 1 <n=[3(p—D]}.
Suppose that J*(p) can be written as a disjoint union J*(p)=1I* U K* U L* where for
each j in I*, [Qf] has left- and right-hand limits at 2=j|p; for each j in K*, F(2nj/p)
= H(2nj/p)=0; and for each j in L*, H(2nj/p)=0 and [Qf] is bounded near 2=j/p.
Suppose that the limit

(5.54) lim 2p(H[Qf], D) 2p(F[Qf], CI™) = L

exists. If p is odd then

(5.59) L =25 HmilpX(011. @nilp)~[Q11-Crilp))

jer
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If p is even then (5.55) still holds if we make the additional assumption that

[0f]1e LM—m, =].

Proof. The inner product (H[Qf], D) exists because H(w) = D{P(7) =0 (we use
the fact that any odd function of period 2= vanishes at ), and we saw in the previous
lemma that the other inner product in (5.54) exists. Let N be the interval
[-7+4ap~t, w—%4np~1], and let M be the complement of N in [—m, w]. Let
K, Ky be the characteristic functions of M, N respectively, made periodic of
period 2. Let P=H[Qf1Ky, G=H[Qf]Ky where H is as in the statement of the
lemma. Then G € L}[—m, #] and G vanishes on a neighborhood of —=. Since
H(m)=0 it follows that P sin t € L'[—#, 7]. Apply Lemma 4.29 to the function G
with I={0}uI* U —I* and K=K*U —K*U L*vU —L* U ({—pl} nJ(p)),
and we obtain

lim 2p(6, D7) = - 5 (@..Qrilp)~G-Cip)

(5.56) )
== ;’: H(27j/p)([Qf1+(27j/p) — [Qf]1-(27j[p)).
Now
(5.57) 2P, D) = 1 [ P(}i,-ﬂ)p,(:) dt for p even,
oy — 42) (" p(tt7_
(5.58) 2P, DY) = % f_np( - )D,(t) dt for p odd,

where e(p)=1 if p=1 and (p)=2 if p=3. (To derive (5.58) we have used the fact
that P and D, are both odd functions.) It follows from the facts that P vanishes on
[—7+34mp~1, m—4np~*] and P sin t € L[— =, =] that P((¢+ m)/p—m) vanishes on a
neighborhood of =0, and P((¢+)/p—) sin t € L[ —=, #]. Hence we can apply
Lemma 4.21 to the function P((¢+#)/p—m) csc t to show that

(5.59) lim 2p(P, D) = 0  for p odd.
-1
Suppose now that p is even and [Qf] is in L*[—a, =]. Then we can write P(¢/p— =)

as the product of a function [Qf](¢/p—7)Ku(t/p—=) in L*[—=, 7] and an analytic
function H(t/p—=) that vanishes at 0. Hence by Lemma 4.13

(5.60) lim 2p(P, DY) = 0 for p even if [Qf] € L .
r—1
Since P+ G=H[Qf], it follows from (5.56)—(5.60) that

(561) lim 2p(HIQS), D) = 2 > H(mjlpX(Q11. 2lp)~[Qf1-Clp).

jeI*
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This result combined with our assumption (5.54) shows that lim, ., (F[Qf], C*))
exists. By Lemma 5.51 we thus have

(S°62) lll]} (F [Qf]’ Cr[p]) =0,

and Lemma 5.53 follows from (5.61) and (5.62).

THEOREM 5.63. Let U be a faithful representation of SU(2) of type (g, p), let
x € SU(2), and let f be a function in L*(SU(2)) such that f is continuous at x and the
U-Fourier series for f at x converges to the limit L. Let . f be the function on SU(2)

defined by . f(y)=f(xy) and let
(5.64) J(q,p) = {je Z:1<j< B(p—D)sin (@) cos (f"—@;:ll) # o}-
Suppose that [Q(..f)] has left- and right-hand limits at 2=j[p for each j € J(q, p), and

[O(.f)] is bounded at 2uijp for all j such that 1 < j<[$(p—1)] and sin (j=(q+3)/p)=0
but cos (ju(q—1)/p)#O0. Then if p is odd

L=
42 3 sin (CEMT) oo (W=DIT) 100 . (22) -t (222))

and if p is even the same formula holds provided we make the additional assumption
that [Q(,.f)] is in L*[—m, 7).

Proof. Since f is continuous at x, we see that ,.f is continuous at e, and since
Unf(x)=U,(.f)e) it follows that the U-Fourier series for , f at e converges to L.
The theorem follows from Lemma 5.48 and Lemma 5.53 with I*=J(p,q) and
K*={jeJ*(p) : cos jn(q—1)/p=0}.

COROLLARY 5.65. Let U be any faithful representation of SU(2), and let C(SU(2))
be the space of continuous functions on SU(2). Then U-Fourier series are honest for
Sfunctions in C(SU(2)).

Proof. This follows immediately from Theorem 5.63 since Q(..f) is continuous
for any x € SU(2) and any fe C(SU(2)).

COROLLARY 5.66. Let U be a faithful representation of SU(2). Then U-Fourier
series are honest for functions in L*(SU(2)) if and only if U is of type (1, 1), (2, 2) or
3, 3).

Proof. We verify immediately from (5.64) that J(1, 1)=J(2, 2)=J(3, 3)= @, so
it follows from Theorem 5.63 that U-Fourier series are honest for functions in
L>(SU(2)) if Uis of type (1, 1), (2, 2) or (3, 3). On the other hand let U be of type
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(g, p) different from (1, 1), (2, 2) or (3, 3) and for 1 £j<4[p— 1] let f;, be the bounded
class function on SU(2) defined by

Jip(x) = 0(x) csc 6(x) if 0 < 0(x) =< 2ajjp
= (0(x)—m) csc O(x)  if 2mjjp < O(x) < =
(5.67) .
=1 ifx=e
= —1 ifx = —e.

Then f,, is continuous at e. Using (3.6) and (5.4) we see that

668 (i 3 hou)@ = 3 kG x* = —2 3 cos @ikip)

= 1—csc (ajlp) sin ((n+3)(27j/p)).
Using this result in (3.8), and noting the trigonometric identity (5.50) we get
p+1l

Unfide) = 2 (= D)™ *7+Y(f,, % Dia_1yp+m)(€)

m=q+

(5.69)

Lo (alp)_, (= 17+ sin ((m+ )il

= 1-2 csc 2mj/p) sin ((9+3)mj/p) cos (¢ —1)=j/p)

for all n= 3. Note that the right-hand side of (5.69) does not depend on ». It follows
from (5.69) and our restrictions on (g, p) that the U-Fourier series for f;, converges
deceptively at e unless p=2(q—1). If p=2(g—1), then our restrictions on (g, p)
imply that p= 6 so f,, is defined, and (5.69) shows that the U-Fourier series for f,,
converges deceptively at e. Corollary 5.66 follows from these remarks.

PROPOSITION 5.70. Let a, b be integers satisfying a>b=0. Let f be a bounded
Sfunction in L\(SU(2)) which is continuous at x € SU(2), and suppose that the limit

an+b
L = lim z (f * kx)(x)
o0 =1

exists. If a<2 or if a=2b+ 1 we can conclude that L=f(x). For any other pair (a, b)
with a>b20 there is a bounded function f such that L+#f(x).

Proof. L=1lim,_, o, (..f; Dan+v)*=lim,.; (.f, (1 —r)Zy.,)* where Z,,, is defined by
(5.9). Suppose a=2b+ 1. Then sin (b+3)(27j/a) =0 for all integers j. By Proposition
5.14 and Lemma 5.53 (with p=a, H=cos 4t sin (b+3%)t, F=cos 4t cos (b+3)t, and
K*=I*= ) we get L=_f(e)=f(x). If a<2 we again use Proposition 5.14 and
Lemma 5.53 (but now J*(p)= @) to get L=f(x). Now suppose a>2 and a#2b+1.
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Then sin (b+4)(2m/a)#0. Let f1, be defined by (5.67). Then for any integer n we
have by (5.68)

an+b

2 (fia * kxi)(e) = 1—csc (w/a) sin (b+3)(2m/a)

and hence L+#f(e).

6. Honesty of U-Fourier series for a certain class of functions. Let 4, B be the
functions on SU(2) defined by

_ [ 4 B

©.1) —B(x) A(x)

], x e SU((2).

If x and y are elements of SU(2) define
6.2) d(x, y) = [Tr (x—y)x—p)*]"2.

Then d is a metric on SU(2) such that the map of SU(2) into C* defined by
x — (A(x), B(x), A(x), B(x)) is an isometry for the Euclidean metric on C*. This
metric is easily seen to be left and right translation invariant. We will denote the
open ball of radius r about x € SU(2) for this metric by B(x, r). In the following
discussion the Hausdorff dimension of subsets of SU(2) will be with respect to the
metric d. (See Chapter VII of [3] for definition and properties of Hausdorff dimen-
sion and Hausdorff measure.)

PROPOSITION 6.3. Let S be the set of all functions in L*(SU(2)) whose set of dis-
continuities has Hausdorff dimension <2, and let T be the set consisting of those
Sfunctions in S whose set of discontinuities has Hausdorff dimension <2. Let U be a
Saithful representation of SU(2). Then U-Fourier series are honest for functions in T,
but U-Fourier series are honest for functions in S if and only if U is of type (1, 1),
2,2) or (3, 3).

Proof. Let U be of type (g, p), let f € T, and let x be a point of continuity of f. We
will show that [Q(,f)] is continuous on [0, 7), and in particular [Q(.f)] is con-
tinuous on (27/p)J(q, p) (see (5.64)). It will then follow from Theorem 5.63 that if
the U-Fourier series for f at x converges, it must converge to f(x). Note that [Q(,.f)]
is continuous at 0 because ,.f is continuous at e. Let E be the set of points at which
xS is discontinuous. Since T is translation invariant the Hausdorff dimension of E
is less than 2, and hence the two-dimensional measure of E is zero. This means
that for each positive integernthere is a sequence {x,, : 1 <k < oo} of points in E and
a sequence {r,, : 1 £k <oo} of positive numbers such that

(6.4) ES () B ra) and > 13, < L
k=1 =L n

Let B, =1 B(xnk, i) Then the complement B, of B, is a closed set on which
«f is continuous, and by the Tietze extension theorem we can find a continuous
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function f, on SU(2) such that || f,| o = ||«f|l«=[f|~ and .f=f, on B,. Since f, is
continuous, [Q(f,)] is also continuous. For any ¢ € [0, =]

69 QAIO-10GN0 = [ Ax@)y )= ofrx(0)y™) duy)

(see (5.2) and (5.6)). Since f, — ,.f vanishes off of B, we get

(6.6) AN~ [QAND| S 20/ apEr)
where
€7 E={y:yx®yeBys Uy yx)y e Blrm, )

It follows from (6.7) that

0

(6.8) WME) £ D My : yx(t)y~* € BXu Fud)}-

k=1
In order to estimate the sum (6.8) we will need to prove a few lemmas.

LEMMA 6.9. Let A and B be the functions on SU(2) defined in (6.1). Then there
exists a constant K such that p{x € SU(2) : |B(x)| <&} < Ke? for every ¢>0.

Proof. If x=(x,, x5, x3, X4) is any point in R%, let ¥ be the matrix defined by

(6.10) % = [

X1+ iXQ x3+ ix;]
—X3+iX4 xl—iX2
Then SU(2) acts as a group of orthogonal transformations on R* by left transla-

tions, X — gx for g € SU(2). Also we may identify the unit sphere S3 in R* with
SU(2) by (6.10). Now S can be parametrized by

x; = sin 6, x5 = cos 0, sin 8,, _r
611 ! 2 1> T 2

X3 = cos 0, cos 0;sin 0;, x, = cos 8, cos 6,cos 0;, 0 = 0; < 2a.

In [1, p. 116] it is shown that there is a unique measure dw on S® which is invariant
under all orthogonal maps of R* and has total mass =1, and this measure is

6.12) dw = 3n~2 cos? 0, cos 0, d0, db, db,.
Thus dw is Haar measure on SU(2). Using the identifications (6.10) and (6.11) we

have |B|2=x3+ x3=cos? 0, cos? 0,, and hence

ulx : |BO)| < &} = 3m-2 f cos? 0, cos 8, 0, d, do,
(6.13) ®
S 4en? j cos 0, do, do,
\ 4
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where

V =1{(6,,0,):cos8,cos 0, <e0= 6,0, <2}

R ={(0y,05,05) :cos0,cos 0, < e, —wf2 < 6,,0; < =/2,0 < 0; < 2m},

Now

arc cos g n/2
f cos 0, d8, db, = f (arc sin (¢ sec 6,)) cos 0, db, + f cos 0, db,,
\ 4 o

arc cos ¢

and since arc sin ¢ <4ut for 0<¢<1 we see that f v cos 0; d6; d0; < 3e. This result
combined with (6.13) proves Lemma 6.9.

LEMMA 6.14. Let z € SU(2), let t € (0, w) and let ¢ be a positive number. Let
F(t,z,¢) = {y e SUQ) : yx(t)y~' € B(z, ¢)}.
Then there exists an absolute constant K such that
p(F(, z, £)) < Ke? csc? .

Proof. Let y, € F(t, z, &) (if F(t, z, ¢)= o the lemma is clearly true). If y is any

point in F(t, z, ¢) then
d(ys 'yx(t), x(1) s *y) = d(yx(t)y~*, yox(t)ys ")
= d(yx()y~*, 2)+d(z, yox(t)y5 ) < 2e.

A straightforward calculation shows that for any a € SU(2)
(6.16) d(ax(t), x(t)a) = 8| B(a)| sin .

(6.15)

If we take a=yg 1y in (6.16) and use (6.15) we obtain
6.17) |B(yo'y)| < ecsct-27Y2 < gcsct, ye F(t,z,e).
Let H(t,e)={xe SU(2) : |B(x)| <ecsct}. It follows from (6.17) that F(t, z, ¢)
S yoH(t, ¢), and hence by Lemma 6.9

w(F(t, z, &)) < p(H(t, &)) <Ke? csc? t
which proves Lemma 6.14.

Applying Lemma 6.14 to (6.8) we get
(6.18) w(E,) < Kcsc?t i r2, < Kn~'csc?t
so by (6.6) we have -
[Q£0)—[Q:A1O)] < 2K|f]|wn™ csc? ¢.

It follows that [Qf,] converges uniformly to [Q, f] on any compact subinterval of
(0, =), and hence the limit function Q, fis continuous on (0, 7). This completes the
proof that U-Fourier series are honest for functions in T.. It follows from Corollary
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5.66 that U-Fourier series are honest for functions in S if U is of type (1, 1), (2, 2) or
(3, 3). If U is of type (g, p) different from (1, 1), (2, 2) or (3, 3), then we saw in the
proof of Corollary 5.66 that some function f;, defined as in (5.67) has a U-Fourier
series that converges deceptively at e, so to complete the proof of Proposition 6.3
it will suffice to show that f;, € S. The set of discontinuities of f;, is

A, p) = {xe SUQ) : 0(x) = 2=j/p}.

Use (6.10) to identify SU(2) with the unit sphere in R*. Then by (3.5) we see that
A(j, p) is the intersection of the sphere x?+xZ+xZ+x3=1 and the plane
x,=cos (2mj/p). This intersection is a 2-sphere which has Hausdorff dimension 2
for the Euclidean metric on R*. Since d(x, y)=2"2|x—y| for all x, y e S’ R* we
conclude that the Hausdorff dimension of A(J, p) is also 2, so f;, € S. This com-
pletes the proof of Proposition 6.3.

7. Deception sets. Let U be a faithful representation of SU(2) of type (g, p).
The deception set Dy or D(q, p) of U is the subset of SU(2) given by

D(g, p) = {x : " =1} if p is odd
={—e} U{x: e® = ]and @ V*® £ —1} ifpiseven.

(7.1

Since two elements x, y of SU(2) are conjugate if and only if 8(x)=6(y) we see that
xDy=Dyx for all x e SU(2).

THEOREM 7.2. Let U be a faithful representation of SU(2) with deception set Dy,
let x € SU(2) and let f € L*(SU(2)). If f is continuous at each point of xDy then the
U-Fourier series for f does not converge deceptively at x. For each point y € xDy such
that y+ x there is a function in L*(SU(2)) which is analytic except at y, and whose U-
Fourier series converges deceptively at x.

Proof. Let j be an integer such that 1 <j<[4(p—1)] and cos ((§— 1) j=/p) #0, and
let K;={xe SU(2) : 6(x)=2mnj/p}. It is easy to verify that K;= Dy. Suppose now
that f is continuous at each point of xDy. Then , f is continuous at each point of
Dy so for any e>0 and any g € K; there exists a 3(g)>0 such that

(7.3) d(y,8) < 8(g) = S —xf(&)] < %e.

The family of sets {B(g, 8(g)) : g € K,} form an open cover for K;. Let § be the
Lebesgue number for this cover. Let g € K; and let & be any element of SU(2) such
that d(g, h)<$§. There exists a g, € K, such that g and / are both contained in
B(go, 6(go)), by the definition of Lebesgue number. Thus

(7.4) | f(&) = S ()] = 1./ (&)~ xS (80| +|S(g0)— f(h)| < &
by (7.3). Now let s, t € [0, 7). If |s—¢| <48 then for all y e SU(2)

(1.5)  d(yx(s)y™t, yx()y~*) = d(x(s), x(1)) = 8'2|sin (s 1)| < 3.
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Now yx(2mjjp)y~* € K; for all y € SU(2), and hence if |s—(27j/p)| <48 it follows
from (7.5) and (7.4) that

(7.6) | Sx()y ™) — S (rxQmjlp)y )| < e.

Using the definition (5.6) of Q together with (7.6) we get

[Q:f1) - [Qf12mjilp)| < & whenever [s—(2mjjp)| < 8/2,

and we have shown that [Q,f] is continuous at 2zj/p for all j such that 1<j<
[3(p—1D] and cos ((g— )mj/p) #0. Thus it follows from Theorem 5.63 that if the
U-Fourier series for f converges at x it must converge to f(x). (Note that if p is
even, then —e € Dy so . fis continuous at —e, and hence [Q.,.f] € L*[—, 7].) Now
let

(7.7 f=0-4"

where A is defined by (6.1). It is shown in [5, p. 670] that fe LY(SU(2)), and an
argument almost identical with an argument given there shows that the sequence
{f.} defined by

(7.8) =S

converges to f in LY(SU(2)). In [9, p. 164] it is shown that 4°~! is a coordinate
function of the j-dimensional irreducible representation of SU(2). Hence
nx,* A7"1=8,,47"1, and it follows that ny, * f;=A4""* for all j=n—1. Thus
ny, * f=lim,_, ., ny, * f;=A""* and

7.9 Duxf= 2 jx;*f=for
j=1
If g is any element of SU(2) we can write

(7.10) g = u " 'x(6(g)u

for some u € SU(2). Equation (7.10) does not determine u uniquely, but we will
choose some u and keep it fixed in this discussion. If g € SU(2) we define a function
g* in L} (SU(2)) by

(7.11) g*(y) = fluyu='x(—0(g)))

where f is defined by (7.7). g* is analytic except when uyu='x(—0(g))=e, i.c.
except when y=g. Also

(7.12) g*(e) = f(x(=0(2)) = (1—exp (—ib(g)) "%,

so that g*(e) is finite for any g+#e, and g*(e) #0 for all g € SU(2). From now on
we assume that g#e. For any y € SU(2), D, * g*(y) =/, _1(uyu=*x(— 6(g))), and in
particular, from (7.8) and (7.12) we have

Dy * g*(e) = fu-1(x(—0(g))) = g*(e)[1 —exp (—inb(g))].
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Using this result together with (2.1) and (3.8) we obtain

(7.13) Uag*(e) = g*(e)— Eqp(8) exp (—i(n—1)pb(g))
where
E.(8) = g*@(= D" (p—g+1) if 6(g) = =
(7.14) —Kg+DOOY(] 4 g-iP-a+DO@)
=g%@° 1( ;gf’m(g, ) it 0(g) # .

Suppose now that the eigenvalues of g are pth roots of unity, so that 6(g)=2mj/p
for some integer j. Then exp (—i(n— 1)p6(g))=1 for all n, and it follows from (7.13)
that

(7.15) lim Ung*(e) = g*(€)~ Ean(8)-

If 8(g)== (i.e. if g=—e) then it follows from (7.14) that E (g)#0, and (7.15)
shows that the U-Fourier series for g* converges deceptively at e. If 8(g)# = then
(7.14) shows that E,,(g)#0 if and only if exp (—i(p—q+1)8(g))# — 1. It follows
that the U-Fourier series for g* converges deceptively at e whenever g is in the
deception set Dy (and g#e). If fis any function on SU(2), and x € SU(2) let f,. be
the function on SU(2) defined by f.(g)=/f(x"'g) for all ge SU(2). Let x e SU(2)
and let y=xz be a point in x Dy, such that y 5 x. Then (z*),. is a function in L'(SU(2))
that is analytic except at y, and (z*),(x)=z*(e), but the U-Fourier series for (z*),
at x converges to z*(e) — E,,(z) #z*(e). This completes the proof of Theorem 7.2.

COROLLARY 7.16. Let U and V be two faithful representations of SU(2) which are
series equivalent. Then U and V have the same deception sets.

Proof. Suppose Dy # Dy, and let g be an element of SU(2) which is in exactly
one of the sets Dy, Dy. Say ge Dy, g ¢ Dy. If g* is constructed as in (7.11) then the
U-Fourier series for g* converges deceptively at e, but since g* is analytic on Dy, the
V-Fourier series for g* does not converge deceptively at e. Thus U and V are not
series equivalent.

COROLLARY 7.17. Let U be a faithful representation of SU(2). Then U-Fourier
series are honest for functions in L*(SU(2)) if and only if U is of type (1, 1).

Proof. Theorem 7.2 shows that U-Fourier series are honest for functions in
LY(SU()) if and only if D, ={e}. It follows from the definition of Dy that —e € Dy
if p is even, Dy contains all elements of SU(2) whose eigenvalues are pth roots of
unity if p is odd, and Dy ={e} if and only if U is of type (1, 1).

PROPOSITION 7.18. Two faithful representations of SU(2) are of the same type if

and only if they are series equivalent.

Proof. By Corollary 3.19 we know that representations of the same type are
series equivalent. Let U be a faithful representation of type (g, p) and let V be a
faithful representation of type (r, s) and suppose that (g, p)#(r, s). First consider
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the case where p=s. Then g#r, so p>2. Let g=x(2n/p), so 0(g)=2n/p#£=. It
follows from (7.14) and (7.15) that lim,_, ,, U,g*(e) and limn_.w' V.g*(e) both exist,
and
lim U,g*(e)— lim V,g*(e)
= g*(e)(exp (2mi/p)+ 1)~ (exp (—2air|p) —exp (—2ig/p)).

Since 1 r, g <p and g+#r the right side of (7.19) is not zero, and hence U and V are
not series equivalent if p=s. Now suppose that p#s. Say, for example s<p so
p22. Let g=x(2n/p). Then from definition (7.1) we see that g¢ D(r,s), and
g € D(g, p) unless p is even and ¢g— 1 =4 p. Thus by Corollary 7.16, U and ¥V are not
series equivalent if g—1#4p. Suppose now that g—1=4p. If s is odd we have
—ee D(q,p) and —e ¢ D(r, s) and by Corollary 7.16 U and V are not series
equivalent. Suppose therefore, that s is even. Since p>s, we have p=4, and since
p=2(q—1) where g is even we have actually p>6. Let h=x(4=/p)# —e. Then
he D(q, p) but h¢ D(r, s) unless s=1%p. It follows that U and V are not series
equivalent unless possibly (—1)=4p=s. If g— 1 =4p=s then it follows from (7.14)
and (7.15) that lim, , ,, U,h*(e) and lim,_, , V,h*(e) both exist and
lim U,h*(e)— lim V, h*(e)

= h*(e) exp (—8i/p)(1 +exp (—4mi[p))~*(exp (—4(r— 1)mi[p)—1).
Since our hypotheses imply that 0 <2(r—1)/p<1 the right side of equation (7.20)

is not zero, and U and ¥ are again not series equivalent. Proposition 7.18 now
follows.

(7.19)

(7.20)

8. Deceptive convergence for L? functions. If fis a function in L}(SU(2)) then
the Riemann Lebesgue set of f is defined to be

r(f) = {xeSU(Z) : ,.11.12 ny, * f(x) = 0}.

It follows from [6, Lemma 3] that u(r(f))=1 for any fe L3(SU(2)).

THEOREM 8.1. Let U be a faithful representation of SU(2), and let f be a function in
L(SU(2)). Then the U-Fourier series for f does not converge deceptively at any point
of the Riemann Lebesgue set of f. In particular, if f € LA(SU(2)) then the set of points
where the U-Fourier series for f converges deceptively has measure zero.

Proof. Let x be a point of continuity of f which is contained in r(f), and suppose
that the U-Fourier series for fat x converges to L. Let U be of type (g, p) and let V
be a representation of SU(2) of type (1, 1). For any positive integer n let m be the
largest integer such that (m—1)p+g+1<n. Then m — oo as n — 0. By (3.18) and
the relationship D,— D,_, =ry, we have

Vf)-Unf) = > G+ /)
62 ey

= > ((n=1)p+q+2+ Dxen_1ypsqrases *f(%).

i=1
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By the definition of m we have 0= (n+1)—((m—1)p+q+2)<p. Since
lim (jy; #/)(x) = 0
it follows from (8.2) that lim,,_, , ¥, f(x)— U,f(x) = 0, and hence
'lll_'n; Vof(x) = ’Ll_rgo Unf(x) =L.

By Corollary 7.17 we have L=f{(x), and the U-Fourier series for f does not converge
deceptively at x.
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